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ABSTRACT
A word is called fair if it contains, for each pair of distinct symbols a,b, the same
number of occurrences of the scattered subword ab as of ba. We provide formulas for
the number of fair words of length up to 10 on a k-letter alphabet and some methods
for constructing fair words. We use a generalization of Parikh vector called p—matrix
to count the number of occurrences of subwords of shape ab in a word.
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1. Introduction

Imagine members of k 2 1 rivaling groups a1,a2, . .. ,ο], want to pass a narrow door.
In which order they should pass? A solution to this problem is fair, if, for any two
distinct groups ως, aj, the number of member pairs, where a member of ο, precedes
a member of ο], is the same as of those where the order is reversed. Any passing
order can be denoted by a word on the alphabet Σ:ξα1,α2, . . .μ…), containing as
many occurrences of a,- as there are members of the group a,. A word describing a
fair solution will be called fair. ΝοΌ&1ω&γ5 such a word exists. Palindromes are fair,
but they are not the only fair words.

Our interest in these words was invoked when considering matrix generalizations
of the Parikh mapping [8]. A very promising way of such generalization seem to be
Parikh matrices [4, 5, 7, 9, 10], which count the number of occurrences of the factors
of the word (11(12 ...…ς in words on the ordered alphabet Σ:ζα1,α2, . . .μ…). Their
extensions have been studied, as well [6, 1, 12]. However, we feel that there is no
particular reason to be interested in occurrences of factors of the word (1102 ...…ς
given by one preferred ordering of the alphabet. The p-matrices we are going to
propose here do not suffer under such lack of symmetry. This, of course, does not
necessarily imply that they will prove to be a more useful tool. In particular, since the
structure of words is not reflected by using the conventional matrix calculus, as it is
the case in Parikh matrices. In a recent study [11], generalized Parikh matrices were
used to investigate the difference of the number of occurrences of subwords ab and


