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ABSTRACT
It is known that there are recurrent words with constant abelian complexity three,
but not with constant complexity four. we prove that there are recurrent words with
ultimately constant complexity c for every c.
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1. Introduction

The factor complexity (or subword complexity) function ρ… of a word w maps a
positive integer n to the number of different factors ofw of length n. There have been
a lot of research on the factor complexity of infinite words, see e.g. [I].
The concept of factor complexity can be modified by counting only the number

of different commutative images of factors of certain length. This gives the abelian
factor complexity function ρξΡ. It was defined and studied in [7], although it has
appeared implicitly before. For example, in [4] it was proved that an aperiodic word
10 is Sturmian if and only if ρΐυΌ(π) 2 2 for every n.

Does there exist a word w such that p?Ub(n):3 for all n? This question was
raised by G. Rauzy. In questions like this it is natural to consider only recurrent
words, i.e. words where every factor appears infinitely often, because there are trivial
nonrecurrent examples. In [7] a recurrent example was given, and it was conjectured
that there is no recurrent word 21) such that ρΐυΌ(π):4 for all n. This conjecture was
proved in [5].
We prove that the situation changes, if the complexity is required to be only ulti-

mately constant. For every c 2 2, we give an example of a recurrent binary word 10
such that ρΐυΌ(π):c for all n Ξ c— 1. If U) is binary, then ρΐυΌ(π) Ξ n+ 1, so these
examples are as close to a constant complexity c as possible.
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